Abstract. Summation of a large class of the functional series, which terms contain factorials, is considered.
Introduction
The infinite series play an important role in mathematics, physics and many other applications. Usually their numerical ingredients are rational numbers and therefore the series can be treated in any p-adic as well as in real number field, because rational numbers are endowed by real and p-adic norms simultaneously. Hence, for a real divergent series it may be useful investigation of its p-adic analog when p-adic sum is a rational number for a rational argument.
Many series in string theory, quantum field theory, classical and quantum mechanics contain factorials. Such series are usually divergent in the real case and convergent in p-adic ones. This was main motivation for considering different p-adic aspects of the series with factorials in [1] [2] [3] [4] [5] [6] [7] [8] [9] [10] [11] and many summations performed in rational points. Also, using p-adic number field invariant summation in rational points, rational summation [5] and adelic summation [2] were introduced.
It is worth mentioning that p-adic numbers and p-adic analysis have been successfully applied in modern mathematical physics (from strings to complex systems and the universe as a whole) and in some related fields (in particular in bioinformation systems, see, e.g. [15] ), see [12, 13] for an early review and [14] for a recent one. Quantum models with p-adic valued wave functions, see, e.g. [16] for the recent review, generated various p-adic series leading to nontrivial summation problems (see, e.g. [17] [18] [19] ).
In this paper we consider p-adic invariant summation of a wide class of finite and infinite functional series which terms contain factorials, i.e. ε n (n + ν)!P kα (n; x)x αn+β , where ε = ±1, and parameters ν, β ∈ N 0 = N {0}, k, α ∈ N. P kα (n; x) are polynomials in x of degree kα which coefficients are some polynomials in n. We show that there exist polynomials P kα (n; x) for any degree kα, such that for any x ∈ Z values of the sums do not depend on p. Moreover, we have found recurrence relations to calculate such P kα (n; x) and other relevant polynomials. The obtained results are generalization of recently obtained ones for the series n!P k (n; x)x n , see [21] . Some results are illustrated by simple examples. All necessary general information on p-adic series can be found in standard books on p-adic analysis, see, e.g. [20] .
Some Functional Series with Factorials
We consider functional series of the form
where
Since rational numbers belong to real as well as to p-adic numbers, the series (1) can be considered as real (x ∈ R) as p-adic (x ∈ Q p ) ones. In the real case, (1) is evidently divergent. In the sequel we shall investigate (1) p-adically.
Convergence of the p-Adic Series
Necessary and sufficient condition for the p-adic power series to be convergent [13, 20] coincides, i.e.
S(x)
where | · | p denotes p-adic absolute value (also called p-adic norm). To prove this assertion, note that padic absolute value is ultrametric (non-Archimedean) one and satisfies inequality |x + y| p ≤ max{|x| p , |y| p }. Now suppose that the series (3) is convergent for some arguments x and the corresponding sum is S(x),
n | p → 0 as n → ∞ is sufficient condition follows from the Cauchy criterion. Namely, for enough large n and arbitrary m, due to ultrametricity one can write |a n x n | p = |a n x n + a n+1 x n+1 + · · · + a n+m x n+m | p . The functional series (1) contains (n + ν)!, hence to investigate its convergence one has to know p-adic norm of (n + ν)! . First, one has to know a power M(n) by which prime p is contained in n! (see, e.g. [13] or [21] ). Let n = n 0 + n 1 p + ... + n r p r and s n = n 0 + n 1 + ... + n r denotes the sum of digits in expansion of a natural number n in base p. Then, one has Proof. Consider p-adic norm of the general term in (1) when x ∈ Z p , i.e.
where |P kα (n; x)| p ≤ 1 and |x αn+β | p ≤ 1 . Hence, the power series
Since p Z p = Z, it means that the infinite series ∞ n=0 ε n (n + ν)! P kα (n; x) x αn+β is simultaneously convergent for all integers and all p-adic norms.
Summation at Integer Points
Mainly we are interested for which polynomials P kα (n; x) we have that if x ∈ Z then the sum of the series (1) is S kα (x) ∈ Z, i.e. S kα (x) is also an integer which is the same in all p-adic cases. Since polynomials P kα (n; x) are determined by polynomials C iα (n), 0 ≤ i ≤ k (2), it means that one has to find these C iα (n), 0 ≤ i ≤ k. Our task is to find connection between polynomial P kα (n; x) and sum of infinite series S kα (x), which becomes also a polynomial.
We are interested now in determination of the polynomials P kα (n; x) and the corresponding sums S kα (x) = Q kα (x) of the infinite series (1), where
are also some polynomials related to P (kα) (n; x), so that P (kα) (n; x) and Q (kα) (x) do not depend on concrete p-adic consideration and that they are valid for all x ∈ Z.
A very simple and illustrative example [20] of p-adic invariant summation of the infinite series (1) is
which obtains taking x = 1, P 11 (n; 1) = n and gives Q 11 (1) = −1. To prove (7), one can use any one of the following two properties:
In the sequel we shall develop and apply approach of partial sums which generalize the first one in (8).
The Partial Sums
Having in mind our goal on rational summation of the functional series (1), let us consider the partial sums of its simplified version. Namely,
Obtained recurrence relation (9) gives possibility to find sums S k (N; x) , k ∈ N , with respect to S 0 (N; x). Performing operations for k = 0 and k = 1 in (9), one obtains
Equations (10) and (11) can be rewritten in equivalent and more suitable form, respectively:
Theorem 3.1. The recurrence relation (9) has solution in the form
where polynomials U kα (x) , V (k−1)α (x) and A (k−1)α (N; x) satisfy the following recurrence relations:
Proof. Formula (14) can be rewritten as
Now one can replace S k (N; x) in recurrence relation (9) by this one in (18) . Compiling the terms separately with S 0 (n; s), then with x αN+β and finally all the rest terms, we obtain respectively recurrence relations for U kα (x), A (k−1)α (N; x) and V (k−1)α (x).
Note that factor x β does not play an important role in (14) , because V (k−1)α (x) also contains x β and it can be excluded from this formula by redefinition of V (k−1)α (x). 
Proof. We use equation (14) . Note that U kα (x) and V (k−1)α (x) do not depend on the upper limit of summation in (14) . Hence, subtracting equations in (14) with
, we obtain relation
which does not contain V (k−1)α (x). Taking N = 1 in (21), one obtains expression (19) for U kα (x). Now using (14) when N = 1 gives
Combining (21) and (22), it follows (20) .
Recurrent formulas (15)- (17) enable to calculate polynomials U kα (x), V (k−1)α (x) and A (k−1)α (N; x) for any k ∈ N, knowing initial expressions: U 1 (x) = x α − ε, V 0 (x) = −ε ν! x β and A 0 (N; x) = 1. For the first five values of degree k, we have obtained the following explicit expressions.
•
• k = 2
• k = 3
• k = 4
• k = 5
It is worth emphasizing that all the above equalities, in particular (9) and (14), are valid in real and all p-adic cases. The central role in (14) plays polynomial A kα (N; x), which is solution of the recurrence relation (17) , because polynomials U kα (x) and V (k−1) (x) are simply connected to A kα (N; x) by formulas (19) and (20), respectively. When N → ∞ in (14) , the term with polynomial A (k−1)α (N; x) p-adically vanishes giving the sum of the following p-adic infinite functional series:
This equality has the same form for any k ∈ N, and polynomials U kα (x) and V (k−1)α (x) separately have the same values in all p-adic cases for any x ∈ Z. In other words, nothing depends on particular p-adic properties in (28) when x ∈ Z, i.e. this is p-adic invariant result. This result gives us the possibility to present a general solution of the problem posed on p-adic invariant summation of the series (1).
Theorem 3.3. The functional series (1) has p-adic invariant sum
where B j , x ∈ Z.
Note that A kα (n; x) as well as U kα (x) and V (k−1)α (x) can be written in the compact form
where A (kα)ℓ (n + ν) is a polynomial in n + ν of degree ℓ with (n + ν) ℓ as the term of the highest degree. Putting x = 0 in (15)- (17), the following properties hold:
As an illustration of summation formula (28), we present five simple (k = 1, ...,5) examples.
Discussion and Concluding Remarks
The main results presented in this paper are summation formula (9) and theorems (3.1)-(3.3). These results are generalizations of some earlier results, see [9] [10] [11] 21] .
Finite series (9) with their sums (14) are valid for real and p-adic numbers. When n → ∞ the corresponding infinite series are divergent in real case, but are convergent and have the same sums in all p-adic cases. This fact can be used to extend these sums to the real case. Namely, the sum of a divergent series depends on the way of its summation and here it can be used its integer sum valid in all p-adic number fields. This way of summation of real divergent series was introduced for the first time in [2] and called adelic summability. An importance of this adelic summability depends on its potential future use in some concrete examples.
The simplest infinite series with n! is n!. It is convergent in all Z p , but has not p-adic invariant sum. Even it is not known so far does it has a rational sum in any Z p . Rationality of this series and n!n k x n was discussed in [9] . The series n! is also related to Kurepa hypothesis which states (!n, n!) = 2, 2 ≤ n ∈ N, where !n = n−1 j=0 j!. Validity of this hypothesis is still an open problem in number theory. There are many equivalent statements to the Kurepa hypothesis, see [10] and references therein. From p-adic point of view, the Kurepa hypothesis reads:
, where digit n 0 0 for all primes p 2. It is worth emphasizing that polynomials A kα (n; x) contain all information about properties of series (14) . For various combinations of x = 0, ±1, ±2, ..., n = 0, 1, 2, ... and parameters k, α, ∈ N one can obtain integer sequences, and some of them are already known. Note that parameter ν in polynomials A kα (n; x) appears in the form n + ν and it is enough to consider how A kα (n; x) depends on n. Hence we will consider A kα (n; x) with parameter ν = 0. Here are some simple sequences derived from A kα (n; x).
• α = any even natural number :
• α = any odd natural number :
Below are also some simple integer sequences derived from V kα (x) and U kα (x).
• x = 1, α ∈ N, β = 0, ν = 0 :
• x = 1, α ∈ N, β = 0, ν = 1 :
are some integers. First equality in (37) was introduced in [5] , and properties of u k and v k are investigated in series of papers by Dragovich (see references [8] [9] [10] [11] ). In [22] some relationships of u k with the Stirling numbers of the second kind are established, and p-adic irrationality of n≥0 n!n k was discussed (see [23] [24] [25] ). Note that the following sequences are related to some real (combinatorial) cases, compare with [26] : 
In particular, the series of integersū k , (k = 1, 2, 3, ...) coincides with the Bell numbers B k , (k = 0, 1, 2, ...) by equality B k+1 =ū k for k ≥ 1 (at least for the first 8 terms directly calculated). Recall that the Bell numbers B k are equal to the number of partitions of a set of k elements. They satisfy the recurrence relation
It follows that the number of partitions of sets with more than one element can be obtained also from the recurrence relation forū k given by (42). Various aspects of the polynomials A kα (n; x) , (k = 0, 1, 2, ... , α = 1, 2, 3, ...) deserve to be further analyzed.
